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In this paper we revisit the canonical analysis of BF gravity with the Immirzi parameter and a
cosmological constant. By examining the constraint on the B field, we realize that the analysis can
be performed in a Lorentz-covariant fashion while utterly avoiding the introduction of second-class
constraints during the whole process. Finally, we make contact with the description of the phase
space of first-order general relativity in terms of canonical variables with manifest Lorentz covariance
subject to first-class constraints only recently introduced.
I. INTRODUCTION
It is a well-established fact that Einstein’s theory of
general relativity can be expressed as a constrained BF
theory, something first materialized in Plebanski’s for-
mulation [1] more than 40 years ago. In this sort of for-
mulations, the gravitational field is encoded in a gauge
connection and a 2-form on which a set of constraints
must be imposed to break the topological character of
the underlying BF theory [2]. In turn, these formula-
tions have served as the starting point of the so-called
spinfoam models for quantum gravity [3, 4], which intend
to develop a path integral quantization of BF gravity and
thus supplement the canonical (or loop) approach [5, 6]
(see for instance Ref. [7] for a compendium of approaches
to quantum gravity).
Although the spinfoam approach is a prominent can-
didate for a fully diffeomorphism and Lorentz invariant
quantization of the gravitational field, the knowledge of
the canonical structure of the BF -type actions on which
it is based can in principle be used to establish connec-
tions between its results and those of the loop scenario.
This is what motives our interest in studying the Hamil-
tonian description of the BF formulations for gravity.
In Ref. [8], the canonical analyses of two constrained
BF -type actions for general relativity with the Immirzi
parameter [9] was performed in a Lorentz-covariant fash-
ion. Both canonical analyses can be related to one an-
other by a suitable redefinition of the canonical vari-
ables employed in them. However, the analysis intro-
duced second-class constraints, which were later solved
while nonmanifestly preserving Lorentz invariance in
Ref. [10], obtaining a canonical formulation that leads
to the Ashtekar-Barbero variables [11] in the time gauge.
The structure of the canonical theory containing second-
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class constraints is actually quite similar to that ob-
tained [12] for the Holst action [13], and in fact, by
getting rid of those constraints in a manifestly Lorentz-
covariant fashion, the results of both theories agree [14].
Recently, it was uncovered that it is possible to per-
form the canonical analysis of the Holst action in a man-
ifestly Lorentz-covariant way without involving second-
class constraints at all [15]. We expect something analo-
gous to be true for the BF -type counterparts mentioned
at the beginning of the previous paragraph because they
are classically equivalent to the Holst action. In this pa-
per we show that this is indeed the case, that is, we
perform the canonical analysis of BF gravity with the
Immirzi parameter plus a cosmological constant while
manifestly preserving local Lorentz invariance and avoid-
ing the presence of second-class constraints during the
whole process. This is achieved by reexamining the so-
lution of the constraint on the B field in each action
principle considered in Ref. [8]. In this way, we establish
that the manifestly Lorentz-covariant canonical formu-
lation of general relativity involving only first-class con-
straints [14, 15] can also be derived, without introducing
second-class constraints in the process, from the formu-
lation of general relativity as a constrained BF theory
with Immirzi parameter and a cosmological constant.
The structure of this paper is as follows. In
Sec. II we consider the Capovilla-Montesinos-Prieto-
Rojas (CMPR) action [16] plus a cosmological constant
and perform its 3+1 decomposition; we then provide an
appropriate solution of the constraint on the B field that
makes the introduction of second-class constraints un-
necessary; the description of the phase space of general
relativity in terms of manifestly Lorentz-covariant vari-
ables subject to first-class constraints only immediately
follows. Afterwards, in Sec. III we focus on an alternative
formulation of BF gravity and follow the same guidelines
as before, obtaining identical results. Finally, in Sec. IV
we give some conclusions.
Notation. Let M be a four dimensional Lorentzian or
2Riemannian manifold. Points ofM are labeled with coor-
dinates xµ, where Greek letters µ, ν, α, . . . are spacetime
indices. To carry out the canonical analysis, we assume
that M can be foliated by spacelike leaves diffeomorphic
to Σ so that M has the global topology of R × Σ, with
Σ being an orientable three dimensional spatial manifold
without boundary (for simplicity). We use local coor-
dinates (xµ) = (t, xa) adapted to this foliation, where t
and xa (a, b, . . . = 1, 2, 3) label points on R and Σ, respec-
tively. Internal indices I, J, . . . = 0, . . . , 3 are raised and
lowered with the metric (ηIJ ) := diag(σ, 1, 1, 1), wherein
σ = −1 (σ = +1) for Lorentzian (Riemannian) mani-
folds. We denote by so(3, 1) or so(4) the Lie algebra of
the gauge group SO(3, 1) or SO(4), correspondingly. In
the framework of BF gravity [2], the fundamental vari-
ables to describe pure gravity are a set of so(3, 1) or so(4)-
valued 2-forms BIJ(= −BJI), an so(3, 1) or so(4)-valued
connection 1-form ωIJ(= −ωJI) whose curvature is de-
fined by F IJ = dω
I
J + ω
I
K ∧ ωKJ , an internal tensor
ϕIJKL with the index symmetries ϕIJKL = −ϕJIKL =
−ϕIJLK = ϕKLIJ , and a 4-form µ = µ˜d4x; d4x is a
shorthand for dt∧dx1∧dx2∧dx3, which in Sec. II is also
denoted by dtd3x. The weight of tensor densities is either
denoted with a tilde “∼” or explicitly mentioned some-
where in the paper. The SO(3, 1) [or SO(4)] totally an-
tisymmetric tensor ǫIJKL is such that ǫ0123 = +1. Like-
wise, the totally antisymmetric spacetime tensor den-
sity of weight +1 (−1) is denoted by η˜µναβ (
˜
ηµναβ)
and satisfies η˜t123 = +1 (
˜
ηt123 = +1). In addition,
we define the three-dimensional Levi-Civita symbol as
˜
ηabc :=
˜
ηtabc (η˜
abc := η˜tabc). The symmetrizer and an-
tisymmetrizer are defined by V(αβ) := (Vαβ + Vβα)/2
and V[αβ] := (Vαβ − Vβα)/2, respectively. In addition,
for an antisymmetric quantity VIJ we define its inter-
nal dual as ∗VIJ := (1/2)ǫIJKLV KL and also the object
(γ)
V IJ := PIJKLV
KL for
PIJKL :=
1
2
(
ηIJKL +
1
γ
ǫIJKL
)
, (1)
where ηIJKL := ηIKηJL − ηILηJK and γ 6= 0 is the
Immirzi parameter1. Its inverse is given by
(P−1)IJKL =
γ2
2(γ2 − σ)
(
ηIJKL − 1
γ
ǫIJKL
)
. (2)
Both the internal dual “∗” and PIJKL define invertible
maps from the Lie algebra so(3, 1) [or so(4)] on itself.
“∧” and “d” stand for the wedge product and the exte-
rior derivative of differential forms, correspondingly. In
a coordinate basis the components of the curvature ex-
plicitly take the form
Fµν
I
J = ∂µων
I
J − ∂νωµIJ + ωµIKωνKJ − ωνIKωµKJ .
(3)
1 We assume γ 6= ±√σ, which means that the self-dual and anti-
self-dual sectors are excluded in our approach.
II. THE CMPR ACTION WITH Λ
In the formalism of BF theories for gravity, the CMPR
action with a cosmological constant is given by [17]
S[ω,B, ϕ, µ] =
∫
M
[
BIJ ∧ FIJ [ω]− ϕIJKLBIJ ∧BKL
+µ
(
a1ϕ
IJ
IJ + a2εIJKLϕ
IJKL
)
−Θµ+ l1BIJ ∧BIJ + l2BIJ ∧ ∗BIJ
]
,(4)
which is classically equivalent to the Holst action with a
cosmological constant. To simplify the action a bit, let
us perform the field redefinition
ψIJKL := ϕIJKL − 1
2
l1ηIJKL − 1
2
l2εIJKL; (5)
the action (4) takes the equivalent form
S[ω,B, ψ, µ] =
∫
M
[
BIJ ∧ FIJ [ω]− ψIJKLBIJ ∧BKL
+µ
(
a1ψ
IJ
IJ + a2εIJKLψ
IJKL − λ)],(6)
where we have defined
λ := Θ− 6a1l1 − 12σa2l2. (7)
A. 3+1 decomposition
By expressing the 2-forms involved in (6) as BIJ =
B IJta dt∧ dxa+(1/2)B IJab dxa ∧ dxb (with an analogous
relation for the curvature F IJ), the action reads (recall
the all the spatial boundary terms are omitted because
∂Σ = ∅)
S =
∫
R×Σ
dtd3x
[
Π˜aIJ ω˙aIJ + ωtIJDaΠ˜
aIJ
+
1
2
η˜abcBta
IJFbcIJ − 2ψIJKLBtaIJ Π˜aKL
+µ˜
(
a1ψ
IJ
IJ + a2εIJKLψ
IJKL − λ)], (8)
where the dot “ ·” stands for ∂/∂t, DaΠ˜aIJ = ∂aΠ˜aIJ +
ωa
I
KΠ˜
aKJ + ωa
J
KΠ˜
aIK , and we have defined
Π˜aIJ :=
1
2
η˜abcBbc
IJ . (9)
The equation of motion for ψIJKL yields
Bta
IJΠ˜aKL+Bta
KLΠ˜aIJ−µ˜
(a1
2
ηIJKL + a2ε
IJKL
)
= 0.
(10)
Let us define the nonvanishing spacetime volume by
V˜ :=
1
24
η˜µνλρεIJKLBµν
IJBλρ
KL
=
1
3
εIJKLBta
IJ Π˜aKL 6= 0. (11)
3Assuming a2 6= 0 and multiplying equation (10) by
εIJKL, we obtain
µ˜ =
σ
4a2
V˜, (12)
which substituted back into (10) implies
Bta
IJΠ˜aKL +Bta
KLΠ˜aIJ
−σ
4
V˜
(
a1
2a2
ηIJKL + εIJKL
)
= 0. (13)
This expression defines a system of 20 equations for the
36 unknowns Bta
IJ and Π˜aIJ . To solve (13) means that
Bta
IJ and Π˜aIJ must be parametrized in terms of 16
independent variables.
B. Solution of the constraint
Now we find a generic expression of Bta
IJ and Π˜aIJ as
functions of 16 variables that solves (13). To do this, we
add four variables
˜
M and Ma to the original set of vari-
ables (Bta
IJ , Π˜aIJ ), so that the system of equations (13)
is enlarged with the following definitions
˜
M :=
V˜√
|H | , (14a)
Ma := −σ
2
η˜abc
˜˜
HbdBtc
IJΠ˜dIJ , (14b)
with
˜˜
Hab being the inverse of
˜˜Hab given by
˜˜Hab :=
σ
2
Π˜aIJ Π˜bIJ , (15)
and where we have assumed that H := det( ˜˜Hab) 6= 0.
Note that H is a scalar density of weight +4. This as-
sumption is justified because ˜˜Hab becomes an object pro-
portional to the (inverse of the) spatial metric defined on
Σ, which is assumed to be nondegenerate (as in the usual
ADM formalism [18]). The system of 20 equations (13)
for 36 unknowns Bta
IJ and Π˜aIJ is thus equivalent to
the system of 20+4=24 equations (13), (14a), and (14b)
for the 18+18+1+3= 40 variables Bta
IJ , Π˜aIJ ,
˜
M , and
Ma.
Now, we write the system of equations (13), (14a),
and (14b) in an alternative form. This can be done as fol-
lows. Using the definition (14a), equation (13) acquires
the form
Bta
IJΠ˜aKL +Bta
KLΠ˜aIJ
−σ
4
√
|H |
˜
M
(
a1
2a2
ηIJKL + εIJKL
)
= 0. (16)
Multiplying this equation by Π˜bKL and using (15), we
obtain
Bta
IJ +
σ
2 ˜˜
HabBtc
KLΠ˜bKLΠ˜
cIJ
− 1
8a2
√
|H |
˜
M
˜˜
Hab(a1Π˜
bIJ + 2a2 ∗ Π˜bIJ ) = 0. (17)
Multiplying the last equation by
˜˜
HbcΠ˜
c
IJ yields
˜˜
HbcBta
IJ Π˜cIJ +
˜˜
HacBtb
IJΠ˜cIJ
+
σ
4
√
|H |
˜
M
˜˜
Hac
˜˜
Hbd
(
˜˜ϕcd − a1
a2
˜˜Hcd
)
= 0, (18)
where we have made the definition
˜˜ϕab := −σ ∗ Π˜aIJΠ˜bIJ . (19)
On the other hand, we can rewrite the expression (14b)
as
˜˜
HbcBta
IJΠ˜cIJ −
˜˜
HacBtb
IJ Π˜cIJ = 2σ
˜
ηabcM
c. (20)
Adding together (18) and (20), we find
˜˜
HacBtb
IJ Π˜cIJ = −σ
˜
ηabcM
c
−σ
8
√
|H |
˜
M
˜˜
Hac
˜˜
Hbd
(
˜˜ϕcd − a1
a2
˜˜Hcd
)
. (21)
Substituting this expression into the second term of (17),
we get
Bta
IJ =
1
4 ˜
M
√
|H |
˜˜
Hab ∗ Π˜bIJ + 1
2˜
ηabcM
cΠ˜bIJ
+
1
16 ˜
M
√
|H |
˜˜
Hac
˜˜
Hbd
(
˜˜ϕcd +
a1
a2
˜˜Hcd
)
Π˜bIJ . (22)
Substituting this expression for Bta
IJ into (16), multi-
plying the result by ∗Π˜eIJ ∗ Π˜fKL, and simplifying, we
arrive at the equation
1
8 ˜
M
√
|H |
(
˜˜
Hbd
˜˜
Hca ˜˜ϕ
ce ˜˜ϕbf ˜˜ϕda +
a1
a2 ˜˜
Hbc ˜˜ϕ
be ˜˜ϕcf
−4σ ˜˜ϕef − 4σa1
a2
˜˜Hef
)
= 0. (23)
Because both
˜
M and H are nonvanishing, we obtain a
cubic equation for ˜˜ϕab that can be rewritten as
( ˜˜ϕeb + 2
√
σ ˜˜Heb)
˜˜
Hbc
(
˜˜ϕcd +
a1
a2
˜˜Hcd
)
×
˜˜
Hda( ˜˜ϕ
af − 2√σ ˜˜Haf ) = 0. (24)
This equation has three solutions:
˜˜ϕab = ±2√σ ˜˜Hab, (25a)
˜˜ϕab = −a1
a2
˜˜Hab. (25b)
Note that the solutions (25a) are associated to the self-
dual and anti-self-dual sectors, which will not be consid-
ered here. So, we will skip them and focus on the solution
(25b) only. Using precisely (25b), we see that the last
term of (22) vanishes. Therefore, we have shown that
the system of 20+4=24 equations (13), (14a), and (14b)
for the 18+18+4=40 variables Bta
IJ , Π˜aIJ ,
˜
M , and Ma
is equivalent to the following 18+6=24 equations [8]:
Bta
IJ =
1
4 ˜
M
√
|H |
˜˜
Hab ∗ Π˜bIJ + 1
2˜
ηabcM
cΠ˜bIJ ,(26a)
∗Π˜aIJ Π˜bIJ − a1
2a2
Π˜aIJΠ˜bIJ = 0, (26b)
4for the same variables Bta
IJ , Π˜aIJ ,
˜
M , and Ma.
It is at this point where the canonical analysis per-
formed here deviates from the canonical analysis reported
in Ref. [8]. There, the constraint (26b) is considered as a
primary constraint of the theory and handled according
to Dirac’s method. In contrast, here we follow a different
approach: we explicitly solve (26b). Note that Eq. (26b)
can be seen as a system of 6 equations for the 18 un-
knowns Π˜aIJ . Therefore, the solution of Eq. (26b) must
involve 12 independent variables that we denote by Π˜aI .
The most generic parametrization for Π˜aIJ is
Π˜aIJ = (k1η
IJ
KL + k2ε
IJ
KL)Π˜
bKmL, (27)
where k1 and k2 are constants, whereas m
I is an internal
vector constructed out of Π˜aI as
mI =
1
6
√
h
εIJKL
˜
ηabcΠ˜
aJ Π˜bKΠ˜cL, (28)
with h of weight +4 given by h := det(˜˜hab) > 0, for
˜˜
hab := Π˜aIΠ˜bI ; m
I satisfies the orthogonality relation
Π˜aImI = 0 and is normalized according to mIm
I = σ.
Substituting (27) into (26b), we find that the constants
k1 and k2 are related to a1, a2 by
a1
a2
=
4k1k2
σ(k1)2 + (k2)2
. (29)
It remains to replace (27) into (26a) to find Bta
IJ as
a function of Π˜aI ,
˜
M , and Ma. This, together with (27)
and (29), is the desired solution of the constraint (13)
because the variables Bta
IJ and Π˜aIJ are thus expressed
as functions of the 12+1+3=16 independent variables
Π˜aI ,
˜
M , and Ma. Before doing that, we first substitute
Eq. (27) into Eq. (15), and obtain the relation
˜˜Hab =
[
(k1)
2 + σ(k2)
2
] ˜˜
hab, (30)
which implies H =
[
(k1)
2 + σ(k2)
2
]3
h; since both H
and h are nonvanishing, the condition (k1)
2 6= −σ(k2)2
must be satisfied. Combining this expression with (14a),
equation (12) reads µ˜ = σ
∣∣(k1)2 + σ(k2)2∣∣3/2√h
˜
M/4a2.
Now, substituting Eq. (27) into Eq. (26a), we get
Bta
IJ =−σ
8
sgn
[
(k1)
2 + σ(k2)
2
] ∣∣(k1)2 + σ(k2)2∣∣1/2
˜
M
×
˜
ηabc
(
k1η
IJ
KL + k2ε
IJ
KL
)
Π˜bKΠ˜cL
+
1
2˜
ηabcM
c
(
k1η
IJ
KL + k2ε
IJ
KL
)
Π˜bKmL, (31)
or, equivalently,
Bta
IJ = − σ
4|γ|sgn(γ
2 + σ)k1|k1||γ2 + σ|1/2
˜
M
×
˜
ηabcP
IJ
KLΠ˜
bKΠ˜cL + k1
˜
ηabcM
cP IJKLΠ˜
bKmL,(32)
where we have identified the Immirzi parameter as γ :=
k1/k2. Notice that in the Lorentzian case, the inequality
relating the squares of both k1 and k2 implies γ 6= ±1.
Finally, we can verify by direct substitution that (27)
and (32) satisfy the constraint (13), where the relation
˜
M = |(k1)2+σ(k2)2|−3/2V˜/
√
h as well as (29) have to be
taken into account during the process.
C. Back to the action
Let us define the (densitized) lapse and shift vector
respectively as:
˜
N :=
1
4|γ| sgn(γ
2 + σ)|k1||γ2 + σ|1/2
˜
M, (33a)
Na :=
1
2
Ma, (33b)
so that (32) takes the form
Bta
IJ =−σk1
˜
N
˜
ηabcP
IJ
KLΠ˜
bKΠ˜cL
+2k1
˜
ηabcN
cP IJKLΠ˜
bKmL, (34)
Substituting (27) and (34) into the action (8), and doing
some algebra, we arrive at
S =−k1
∫
R×Σ
dtd3x
[
−2Π˜aImJ∂t
(γ)
ω aIJ +ωtIJG˜
IJ
−NaV˜a −
˜
N ˜˜H
]
, (35)
wherein we have defined
G˜
IJ := −2P IJKL
[
∂a(Π˜
aKmL) + 2ω Ka M Π˜
a[MmL]
]
,
(36a)
V˜a := −2Π˜bImJ
(γ)
F abIJ , (36b)
˜˜
H := −σΠ˜aIΠ˜bJ
(γ)
F abIJ +2σΛ
√
h. (36c)
Here, we have identified the cosmological constant Λ as
Λ := − k1
2a2
(
1 +
σ
γ2
)
λ. (37)
Notice that (29) can be written as
a1
a2
=
4σγ
γ2 + σ
. (38)
Using this into (37) and substituting the value (7) for λ,
we can fix the following value for Θ:
Θ = 12σa2l2 + 6a1l1 − σΛa1
2k2
. (39)
This value agrees with the one obtained in Ref. [17].
The action (35) corresponds to what was obtained after
performing the 3+1 decomposition of the Holst action
in Ref. [15]. The next step consists in expressing the
18 components of the connection ωaIJ in terms of 12+6
variables CaI and
˜
λab (=
˜
λba) as
(γ)
ω aIJ=Ma
b
IJKCb
K +
˜
λabN˜
b
IJ , (40)
5and the canonical analysis follows exactly the same path
of Ref. [15]. In brief, the variables CaI together with Π˜
aI
make up the symplectic structure of the theory, whereas
the variables
˜
λab are found to be auxiliary variables that
appear quadratically in the action. After eliminating the
latter by using their own equation of motion and later
redefining the Lagrange multiplier in front of the Gauss
constraint (or proceeding in the reverse order), the ac-
tion (35) takes the form
S =−k1
∫
R×Σ
dtd3x
(
2Π˜aIC˙aI − λIJG˜IJ − 2NaD˜a
−
˜
N ˜˜H
)
, (41)
where λIJ , N
a, and
˜
N play the role of Lagrange multi-
pliers imposing the constraints
G˜
IJ = 2Π˜a[ICa
J] + 4P IJKLΠ˜
a[KmM ]Γa
L
M ≈ 0, (42a)
D˜a := 2Π˜
bI∂[aCb]I − CaI∂bΠ˜bI ≈ 0, (42b)
˜˜
H := −σΠ˜aI Π˜bJRabIJ + 2Π˜a[I|Π˜b|J]
[
CaICbJ
+2CaI
(γ)
Γ bJK m
K +
(
ΓaIK +
2
γ
∗ ΓaIK
)
ΓbJLm
KmL
+
1
γ2
qKLΓaIKΓbJL
]
+ 2σΛ
√
h ≈ 0. (42c)
This is the manifestly Lorentz-covariant canonical for-
mulation of the Holst action that was first found in
Ref. [14]. Therefore, the same canonical formulation
emerges after performing, in a Lorentz-covariant fashion
and completely avoiding the appearance of second-class
constraints, the canonical analysis of the CMPR action
as explained in this section, which should not come as a
surprise since this action and the Holst action share the
same classical dynamics.
III. ALTERNATIVE ACTION
Instead of introducing the Immirzi parameter in the
constraint on the field ϕIJKL as in (4), let us consider
the action that incorporates it as the (inverse of the) cou-
pling constant of a term BF -type term involving ∗B [19],
namely,
S[ω,B, ϕ, µ] =
∫
M
[(
BIJ +
1
γ
∗BIJ
)
∧ FIJ [ω]
−ϕIJKLBIJ ∧BKL + µεIJKLϕIJKL
−Θµ+ l1BIJ ∧BIJ + l2BIJ ∧ ∗BIJ
]
, (43)
or
S[ω,B, ψ, µ] =
∫
M
[
(γ)
B
IJ ∧ FIJ [ω]− ψIJKLBIJ ∧BKL
+µ(εIJKLψ
IJKL − λ¯)
]
, (44)
where the redefinition (5) was used again and
λ¯ := Θ− 12σl2. (45)
We point out that the actions (4) and (43), or their cor-
responding ones after the redefinition of the Lagrange
multiplier ϕIJKL, can be mapped into each other at the
Lagrangian [20] and Hamiltonian [8] levels; the approach
of Ref. [8] involving second-class constraints. By pro-
ceeding as in the previous section (and without intro-
ducing second-class constraints either), in what follows
we show that the canonical analysis of (44) leads to the
same structural form of the action (41).
A. 3+1 decomposition
The 3+1 decomposition of the action (44) yields
S =
∫
R×Σ
dtd3x
[
(γ)
Π˜ aIJ ω˙aIJ + ωtIJDa
(γ)
Π˜ aIJ
+
1
2
η˜abcBta
IJ
(γ)
F bcIJ −2ψIJKLBtaIJΠ˜aKL
+µ˜
(
εIJKLψ
IJKL − λ¯)], (46)
where Π˜aIJ is given by (9) and Da
(γ)
Π˜ aIJ = ∂a
(γ)
Π˜ aIJ +
ωa
I
K
(γ)
Π˜ aKJ + ωa
J
K
(γ)
Π˜ aIK . The constraint imposed
by ψIJKL is
Bta
IJΠ˜aKL +Bta
KLΠ˜aIJ − µ˜εIJKL = 0. (47)
Multiplying this expression by ǫIJKL allows us to fix the
value for µ˜ as
µ˜ =
σ
4
V˜, (48)
with V˜ still defined as in (11). So, the constraint (47)
reads
Bta
IJΠ˜aKL +Bta
KLΠ˜aIJ − σ
4
V˜ εIJKL = 0, (49)
which corresponds to the constraint (13) with a1 = 0 and
a2 = 1. We will take advantage of the results of Sec. II.
Substituting a1 = 0 in (29) implies either k1 6= 0 and
k2 = 0, or k1 = 0 and k2 6= 0. Let us analyze these cases
separately.
B. Case k1 6= 0 and k2 = 0
This choice implies, from (27), (31), (33a), and (33b),
that
Π˜aIJ = 2k1Π˜
a[ImJ], (50a)
Bta
IJ = −σk1
˜
N
˜
ηabcΠ˜
bIΠ˜cJ + 2k1
˜
ηabcN
cΠ˜b[ImJ],(50b)
6for
˜
N = |k1|
˜
M/4. Using this expression, the value for µ˜
is, from (14a), (30), and (48), µ˜ = σ(k1)
2
√
h
˜
N . Substi-
tuting all this into the action (46), it acquires the form
S =−k1
∫
R×Σ
dtd3x
[
−2Π˜aImJ∂t
(γ)
ω aIJ
+ωtIJG˜
IJ −NaV˜a −
˜
N ˜˜H
]
, (51)
with exactly the same expressions (36a)-(36c) for G˜IJ ,
V˜a, and
˜˜
H. In this case we have identified the cosmolog-
ical constant Λ as Λ = −k1λ¯/2, which using (45) yields
Θ = −2 Λ
k1
+ 12σl2. (52)
This value agrees with the one found in Ref. [19] for the
solution BIJ = κ1 ∗ (eI ∧ eJ), with κ1 = −k1. Notice
that the action (51) looks exactly like the action (35),
the only difference being that whereas in the latter the
Immirzi parameter arises as the quotient of k1 and k2
(γ 6= ±1 in the Lorentzian case), in the former the Im-
mirzi parameter and the constant k1 are not related to
one another (and the value γ = ±1 in the Lorentzian
case is not forbidden). In consequence, the parametriza-
tion (50a)-(50b) leads to the same results of the CMPR
action (as long as the identifications of the lapse func-
tion, shift vector, and cosmological constant are the ones
indicated in each case).
C. Case k1 = 0 and k2 6= 0
This choice implies, from (27), (31), and (33b), that
Π˜aIJ = k2ε
IJ
KLΠ˜
aKmL, (53a)
Bta
IJ = −σ
2
k2
˜
N
˜
ηabcε
IJ
KLΠ˜
bKΠ˜cL
+k2
˜
ηabcN
cεIJKLΠ˜
aKmL, (53b)
for
˜
N = σ|k2|
˜
M/4 from (33a). Using this value, the
expression for µ˜ is, from (14a), (30), and (48), µ˜ =
(k2)
2
√
h
˜
N . Using all this information, the action (46)
can be rewritten as
S = k2
∫
R×Σ
dtd3x
{
−2Π˜aImJ∂t∗
(γ)
ω aIJ +2∗
(γ)
ω tIJ
×
[
∂a
(
Π˜aKmL
)
+ 2ωa
K
M Π˜
a[MmL]
]
− 2NaΠ˜bImJ
×∗
(γ)
F abIJ −σ
˜
N
(
Π˜aI Π˜bJ∗
(γ)
F abIJ +σk2λ¯
√
h
)}
. (54)
Notice however that
∗
(γ)
V IJ=
σ
γ
QIJKLV
KL, (55a)
QIJKL :=
1
2
(ηIJKL + σγǫIJKL). (55b)
QIJKL is just the internal tensor PIJKL with γ replaced
with σγ−1. Using (55b) in the action (54), we finally
arrive at
S =−σk2
γ
∫
R×Σ
dtd3x
[
−2Π˜aImJ∂t(QIJKLωaKL)
+ωtIJG˜
IJ −NaV˜a −
˜
N ˜˜H
]
, (56)
for
G˜
IJ := −2QIJKL
[
∂a
(
Π˜aKmL
)
+ 2ωa
K
M Π˜
a[MmL]
]
,
(57a)
V˜a := −2Π˜bImJQIJKLFabKL, (57b)
˜˜
H := −σΠ˜aIΠ˜bJQIJKLFabKL + 2σΛ
√
h, (57c)
where we have identified the cosmological constant Λ as
Λ = −γk2λ¯/2, which in turn implies, from (45), that
Θ = 12σl2 − 2Λ
γk2
. (58)
This value agrees with the one found in Ref. [19] for the
solution BIJ = κ2e
I ∧ eJ , with κ2 = −σk2. The action
(56) is, up to a constant global factor, the same action
(35) or (51) with the Immirzi parameter replaced with
σγ−1. Taking this into account, we can proceed as we did
at the end of Sec. II and finish up with an action principle
exactly as (41) with the simultaneous replacements k1 →
σk2/γ and γ → σγ−1. Thus, as expected, the resulting
canonical theory contains the same physics as the action
(41).
IV. CONCLUSIONS
In this paper we have performed, in a mani-
festly Lorentz-covariant fashion and without introduc-
ing second-class constraints, the canonical analysis of BF
gravity with the Immirzi parameter and a cosmological
constant. We consider the CMPR action in Sec. II and
an alternative form of the action in Sec. III, whose rela-
tion has already been established at Lagrangian [20] and
Hamiltonian [8] frameworks, although involving second-
class constraints in the latter case. The strategy we fol-
lowed in both cases consisted in first performing the 3+1
decomposition of the action principles and then appropri-
ately handling the constraint imposed by the Lagrange
multiplier ψIJKL on the B field to make contact with
the homologous canonical analysis of the Holst action re-
ported in Ref. [15]. Since the constraint for the action
of Sec. III is a particular case of the constraint for the
CMPR action, here we focus on discussing the latter.
With the help of the introduction of (14a) and (14b), we
can manipulate the aforementioned constraint by break-
ing it down into a set restraining only the magnetic com-
ponents Π˜aIJ ∼ BabIJ according to (26b), whereas the
remaining set of constraints is used to fix the electric
components Bta
IJ as in (26a). This splitting was already
7noted in Ref. [8], where the constraint (26b) was treated
as a primary constraint of the theory; its time evolution
then generated a secondary constraint, and both con-
straints turned out to be second class.
Here we take a different approach. We explicitly
solve (26b) and obtain a parametrization of the B field
in terms of the 16 independent variables Π˜aI ,
˜
M , and
Ma as depicted in (27), (29), and (31). Therefore, this
parametrization provides a faithful solution of the con-
straint (13), which defines a set of 20 equations for the 36
unknowns contained in the B field. With this at hand,
the action takes the form (35), which exactly matches an
intermediate step in the canonical analysis of the Holst
action as developed in Ref. [15]. From this point on the
canonical analysis is entirely the same of Ref. [15], result-
ing in the manifestly Lorentz-covariant formulation em-
bodied in (41), whose relation to other canonical formula-
tions of general relativity was established in Refs. [14, 15]
(see also Ref. [21]). It is worth stressing that no second-
class constraints are introduced during the entire process.
Regarding the alternative action of Sec. III, similar
conclusions can be drawn for it as well. In this case there
are two independent solutions for the constraint on Π˜aIJ ,
as explained in that section. One of them leads to the
same results discussed in the previous paragraph, and the
other leads to the same results modulo a global constant
factor in the action and a redefinition γ → σγ−1 of the
Immirzi parameter. Analogous results are actually found
at the Lagrangian level in regard to the relation between
the alternative BF -type action principle and the Holst
action with a cosmological constant [19].
For the sake of completeness, it would be interesting
to extend our results to the formulation of higher di-
mensional general relativity as a constrained BF the-
ory [22] (see also Ref. [2]) to contrast with those of
Ref. [23], where the canonical analysis–involving second-
class constraints–of the action of Ref. [22] is sketched.
In addition, we expect to make contact with the analy-
sis carried out in Ref. [24] for the n-dimensional Palatini
action. Work on this last issue is in progress.
Although the canonical theory contained in this paper
keeps Lorentz invariance manifest, a reinterpretation of
it in terms of more canonically quantizable variables such
as Lorentz-covariant connections remains an open ques-
tion. However, if such a thing were possible, this would
enormously contribute not only to get a canonical quan-
tum theory of gravity with full Lorentz invariance, but
also to better understand the deep relationship existing
between the canonical approach and the spinfoam models
for gravity.
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